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Search for and classification of Lychrel numbers

Lychrel numbers with respect to bases that are powers of two are well known, e.g. 1010100 in base 2 or
1032300 in base 4.

We analyzed the proof of their lychrel property, and used this knowledge to design an algorithm that searches
similar lychrel numbers, by constructing lychrel candidates rather than just checking all numbers by brute force.
This method is able to find such numbers for base 11 and 26 within seconds on a personal computer.

Furthermore, we performed an extensive search for lychrel numbers with respect to base 4. We present a
classification scheme that contains most of the results, as well as some “sporadic” solutions.

This document relies on color vision.  This document (LaTeX, PDF, Haskell program) is released into the public domain.

1. Introduction

Terminology See [1]. “Lychrel number” is used synoymously for “number that can be proven to be a lychrel number”, and
“to prove the lychrel property of a number” is shortened to “to prove a number”.

Discovery of (provable) lychrel numbers The first idea for finding lychrel numbers might be considering base 2 = 2!

and just applying the reverse-and-add algorithm to it.2: 1010100  it.6: 101101000
every number, beginning by 1, and ending by the + 0010101 + 000101101
first number where the reverse-and-add algorithm it.3: 1101001 it.7: 110010101

; ) ) A - alg + 1001011 + 101010011
seemingly doesn’t terminate. This is easily done by it.0: 10110 it.4: 10110100  it.8: 1011101000
hand, one has to check only 22 numbers, the first + 01101 + 00101101 + 0001011101
“lychrel candidate” is 10110. Applying 10 itera- it.1: 100011 it.5: 11100001  it.9: 1101000101
. to 10110 vields th leulati the rieht + 110001 + 10000111 + 1010001011
tons to yields the calculation on the right, it.2: 1010100 it.6: 101101000 it.10: 10111010000

wherefrom the pattern
iteration 2 4+4n: 10 (n 1s) 101 (n 0s) 00

emerges. It’s easy to prove that this pattern is indeed true, and that the numbers in all iterations between are not palindromic.
Hence 10 101 00 is a lychrel number (we give a detailed proof for a similar number later).

Generalizing to other bases With some trial-and-error one can generalize this base-2 lychrel number to other bases that
are powers of two, namely for base b = 2" the number

10 2%-1 2%-2 2"-1 0 0.

Outline of this paper This raises two questions:
(1) Are there any lychrel numbers whose proof work different?
(2) Are there any lychrel numbers with respect to other bases?
Which can be answered using the following search methods:

(1) Just do the same as in the paragraph “discovery of (provable) lychrel numbers”: Fix a base b (e.g. b = 4), and for
every number between 1 and an upper bound, execute some iterations, search for patterns, and if interesting enough,
note the number down. In order to accelerate the process, use a computer and the method described at [2].

(2) The brute force method in (1) is too inefficient to be applied on bases that are not powers of two. But some analysis
of the proof of 10 101 00 leads to a set of constraints which are satified by all numbers that can be proved in a similar
manner. Utilizing these rules, it is possible to develop a much more efficient search algorithm.

The ideas for such an algorithm (i.e. the constraints and how to use them) are presented in section 2, illustrated by the
examples 10 323 00 (base 4) and 1NSELA6C P6E7 OD59MESEN (base 26). A Haskell implementation is given in appendix A.

Leading to the following results:

(1) There are many numbers that can be proved in a similar way, and they fit into a nice classification scheme, presented
in section 3. The section is written for base 4, but can be generalized to any base that is a power of two.

Furthermore, there are indeed some numbers that can be proved in a different way (at least in base 4), see section 3.5.

(2) Two results, in base 11 and in base 26 are mentioned in section 2.7. If the reader is interested in more such numbers,
they is invited to compute them using the above mentioned Haskell program.
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2. Searching for lychrel numbers (any base)

2.1. Motivation

The introduction just presented a sketch of a proof for the lychrel property of 10 101 00 in base 2. We know prove this
somewhat more rigorous for the number 10 323 00 in base 4.
Using induction:

103323000

e Induction hypothesis: For every n € Ny, the number 10 323 00 is 0%0%1%1%1%1%0%0%01—
after 6n iterations of the form 10 3 323 0 00, and is not a palin- 103213011

n n 020-12120-120-0-0—

drome during any of these iterations. g f 0 1 g 1 3 é 3
* 120103,1,3,1,9,2,2

e Base case n = 0: Clear. 1033323000
= 1033323000

e Ind. step n ~» n + 1: We write 0 and 3 instead of 0 resp. 3, 1033323000
. . n L + 00.0.3,2,3.330.1

and calculate the next 6 iterations, see fig. 1. Thus we arrived 91395 15%8% T
at 10 3 323 0 00, and in none of the iterations the number is a + 1032223011
; g e 05051515171 T170507 05
palmdrome. + 2131112022
~10°3"3"3%2%3% 000

=10333230000

Figure 1: Calculation for the proof on the left.

2.2. Basic observations

Computation of the iterations We think of numbers as digit strings, and iterations as digit-wise addition, which is per-
formed from right to left, and adds a digit to the digit that “matches” this digit upon reversing, plus taking carries into
account (fig. 2).

“matching” right digit “matching” left digit

v
3——-0-— later in -3--0
left digit — + =0, — — 3 — €the process F =00 =3, = right digit
resulting left digit ;IET_ B 0 a B — resulting right digit
carry out carry in carry out  carry in

digit +matching digit + carry in = digit out + carry out * base

Figure 2: Computation of an iteration = digit-wise addition (from right to left) of digits and “matching” digits + taking
carries into account. (The “—”s represent the other digits of the number.)

This point of view allows us to handle digit strings with arbitrary length,

-0 0—-—-—3 3 —
i.e. we always know that [cf. fig. 3], no matter how many 0’s resp. 3’s -3 . 3__0.0—
there are in the “.”-part (as long as it’s as many 0’s on the left as 3’s on _°§0f0§0_ _161f161f

the right). L same length -
L same length J
Figure 3: Handling arbitrarily long digit strings.

Constraints We are now able carry out the calculation in fig. 1, but we
still need to check whether the inductive step “works”,

6 iterations

10 3 323 0 00 ~ 10 3 323 0 00.
n n n+l  n+l Figure 4: “Proof works” = number looks almost
the same after 6 iterations, but some

That is, after 6 iterations, the number looks almost the same, but some .
parts are shifted.

parts are shifted (cf. fig. 4). So, if we want a number, whose Lychrel-
property can be proven in a similar way as for 10 323 00 above, this
constraint must be satisfied.

2.3. ldea

As stated in the introduction, the goal is to find numbers that can be —~

proved in a similar way as 10 323 00 in section 2.1. Of course there is (1, 0)T

the naive brute force approach, but there is also a more sophisticated 0,0) LTS
way: By observing yet more constraints (cf. section 2.6), it is possible 7N (370/) A 7N 7N

to “construct lychrel candiates from outside to inside” rather than just
checking every number. For the sake of simplicity, we restrict ourselves
to numbers of even length 2n.

Figure 5: Illustration for explanation in the
“more sophisticated approach” column.
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naive approach

more sophisticated approach

First “generate” whole number, then check whole num-
ber, as in fig. 1. Repeat for all numbers from 0 to 4" —1.
In pseudocode-speak:

for integer i=0,...,b"(2n)-1
represent i wrt base b as digit string s
calculate next x steps, result is s’
check wheter s,s’ satisfy the constraint

Generate number “from outside to inside”, digit pair by
digit pair. Then compute the = iterations just for this
digit pair, and then check whether this digit pair plus
known rest of the number (that is, everything “outside”
of the digit pair) satisfy the constraint, see example be-
low. Because there is sometimes more than one possible
digit pair, this will result in a tree of digit pairs instead
of a single number (cf. fig. 5). “Flattening” this tree
yields all found numbers (cf. section 2.5 for details).

Example:

Number to be checked: 1033323000
1033323000

Computation;: - 103333230000 4

— This is a number that we’re searching for.

Number to be checked: 1023323000
1023323000

Computation: =113212131131 fail x

— This is not a number that we're searching for.

Ezample: (where gray = not important for computa-
tion; and “.” = digits that are not yet determined)

Already given digit pairs: (1,0), (0,0)
Digit pair to be checked: (3,0)

103 _-_-000

Computation: =103 .. .000 ok v

— Continue to search for numbers of the form 103_000,
i.e. with already given digit pairs (1,0), (0,0), (3,0).
Already given digit pairs: (1,0), (0,0)
Digit pair to be checked: (2,0)

102 _ 000

Computation: =103 100 fail x

— The numbers that we’re searching for cannot be of
the form 102_000.

Remark: Actually, it is somewhat more difficult, in particular it is not possible to calculate a digit pair without
knowing the others (carries!). The example is meant to convey the idea, not being precise (the numbers are

just made up). For details, see the following sections.

2.4. Terminology

As mentioned in the remark, it is not possible to calculate iterations for a isolated digit pair. The “carry in” might be not
known, the “carry out” might be given. We introduce color codes to indicate which category a value belongs to.

red :  “carry in unknown”
input of calculation output of calculation
1 . yellow : “carry out given”
3 if result _ known
known before calculation no problem check if Jeswt — knowr

unknown before calculation | try out all possiblities

green : cf. fig. 2

no problem
blue : cf. fig. 2

Figure 6: Left: color codes. Right: color code examples (remark: in the naive approach, we have only green/blue, cf. fig. 2).

Not every digit in fig. 1 is treated equally, some get shifted, others not. Hence, we divide the computation into several parts:

. left exterior left interior
left connector +

right interior right exterior .
© 1 g right connector

1 _ 1l 7 _
1NSELAG6C|P|IP6|JET7|0OJOD59MEGSN
+ N.5 EMO95DO0I0I7 ElI6 PIPIC 6 ALES5N1 RS
P 2°k'B'2F IDfo[6 K|L'6[P|C 1G5 A K 2°0| |3
+ 02 KAS5GJCIPI6 LIK 610D J. F 4 BK 2P -
1/N’5'E'’L'A'6 C P|P|D G[F D[0j0 D 5 9 MESN| |
= 1N5ELAG6C|PPIDGIFD|IOJODS5 9 ME 5 N| |
1N5ELAG6C|P[pD|c|FD|lOjJoD5 9MES5 N| |
+ N.5 EM95DO0I0ID FIGID PIPIC 6 AL E5N 1 g
[P 2% 'B'2’F°3"Dfo[D 3{7[3 c|P[c’3 e 5 A K 2°0| |2
+ |02 KASb5 G JCIPIC 31713 DIOID J F 4 B K 2P =
1N’s'E'L’A"6'C P|P|P 6|E[7 0[0[0 D' 5 9 ME 5 N| |=
=]l1 NS5ELAG6CIPP|P 6]E|7 0]0OJ0OD 5 9 ME 5 N| |

Figure 7: Dividing the computation for the inductive step into several parts.
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2.5. Outline of the algorithm

Step exterior interior
1. Generate all possible i.e. all pos.si.ble 01'1t— i.e. all po§si.ble i.n— (1,N) ﬂr‘ }mth er head
roots, ermost digit pairs nermost digit pairs /o / \ / \
(rule ExtHead). (rule IntHead). SOome)y L s D
2. Build up tree recursively from outside to in- from inside to out- / \ /\ / \ / \ / \ / \

(cf. section 2.3), up to a side (rule ExtRec). side (rule IntRec).

specified depth, (C,0),(T,10,10)
|
(

flatten

Additionally, check for (rule ExtLast). (rule IntLast).
every node whether it can (P,0), (T, 10,10)
connect to a connector, 10,10 1NSELA6C ~ ODSOMESN

T,
T

3. Flatten tree: turn the tree of digit pairs into a list of digit strings ,10,10 INSELA6CP OOD59MESN

that serve as exterior/interior part of a lychrel number (cf. fig. 8). Fi g T £ exteri t (base 26), depth 9
igure 8: Tree of exterior part (base 26), depth 9.

2.6. More sophisticated

Connecting part:

observations

T -
-Cc®P--700-—
+ - 0§07 -~ = PPC— Connectors have a very simple structure.
—Dlo6—-—-—6PC— — Connected by red solid line: digits/carries are the same.
* — B8~ ~.6,0,0— — Connected by red dotted line: digits/carries are invers to each other.
—PfPD—-—-—DO0O0— . . . .. .
_ Therefore, a connector is uniquely determined by the digits/carries that
= —CPPD—-——-—DO0OO-— . . . ..
[ (RRARRRRERRELERRY | are encircled in blue. Furthermore, the encircled digit must be 0 or base —
—CPP—-——-D0O0— 1. By shortening base — 1 to T and 0 to F, the connector on the right is
+ —-00D—-=-PPC-—
1 0-0 denoted by
—DlI0D—-———-CPC— T 10 10
+ —GQRLC~===D,0D~— ~ '
—P\PP———000— digit top left carry upper half carry lower half
=—CPPP—-———-000—
N W _ 1
Exterior part:
1 ] 3 ] 31 ]
1N—-——-—5N —5EL—-—-—9ME — —6CP 00D —
+ N.5 ——N.1 + —EM9—-——-LESb — + — D 0.0 P C6 — o
05150——15050 By L § _Ojig),io 50070 g;r
+ 002,= =2& + — Kohod = —4,B K= g | — 5GP i e
15 = =% '° Ty — T g //_1COP0P 0'0 K &
= N-——-——-50N = —-5BL-—-——-—9ME — 8l= —-60P®— 00D\ &
T T T T P T ¥ -2
1N—-——-—-—-5N —-5EL—-——-—-—9ME — 2 —6CP 00D — -
+ NS =N t —EMO9 -~ — - LES— E | <,D,0,0 PC8s= | E
05 150———15050 ety L ..“:3 kOUQD;O PO,(WQJO— 5
+ 02———2P + —KAB5———4BK— 1] + J CP 0,D,.J — S
T 480E T T T4 DR T hENR1 By = ~ o~ =
Th0E T — =0 ty° o v ~10p05 otolpi= | €
=MON--—-—-5N =—5@L-——-——9ME — =—60PP 00D —
| T | L f I f
rule ExtHead rule ExtRec rule ExtLast
Interior part:
1 ] 1 ]
—— 6 E — —PB6E—-——6ET7 — PP6—-——ET7O
+ ——E6 — + — 7.E6 ——FE 6P — = + 0,7E —— 6 P P
—~0—1— L 0=2021—0=20210— o L 020——021—0—
e 10O 100 10— § OJGOKO— —0L16OFP %
+ L. K + —6,LK——LK®6 — < + P6L—-——KG60 e
121-0— 0-1=1=0——1-1-0—-1— —1=1——1-0—-1~>
— —G'F— I e b g —— P —'FD0 =]
= —DGF— = —PD@B-—-——-GFD— o~ 1= PPDG——-FDO g
T ? | T
~DGF— ~PDG-——-—-GFD- 2~] PPD---FDO g
— F.G.D — + —D/F Gl—» _iGlDlpo_ o0 I~ 01D1F1—»—»—1D1POP E
1-10121— 110 ———12171-0— =1 120
—373-— —D37—-———-—73C-— 4 0,D3—-——-——-3CJP a
+ —-373— + —-C37———730D— ot + PC3———3D.0 )
020—0-1— ~Z0=0—0———0—0—1~1— 0200 0112
—%6°E° 7= —p’6’E— — —E 70— C PP6———700|
=—PBET— =—PPG6E———-([B70— =PPP6-——-(00O
I | I I | I

rule IntHead

rule IntRec

rule IntLast
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2.7. Implementation and results

An implementation of the ideas illustrated in section 2 is given in appendix A.

Reading the source Warning: The source code is completely undocumented and contains tab stops (and by the Haskell 98

report tab stops are 8 characters apart).

Using the program The source code in appendix A is written in Haskell and has to be compiled before usage, e.g. with
the Glasgow Haskell Compiler GHC. When using GHC, it is recommended to use the flags ~-fno-warn-tabs and either -01
or -02 for code optimization. Calling the compiled program without parameters, results in printing the manual. Exemplary

usage (black lines are output, grey lines are commands, > is the command prompt):

> ./search

command line arguments:
result, \"Number\" or \"Tree\"
base
# iterations in upper part
# iterations in lower part
depth = max length / 2
side, Exterior or Interior

example (where search is the filename of the program):

search "\"Number\"" nggn non ngn ungn NEyterior"

(The last operation takes about 1 min on a 1.3 GHz netbook.)

Results Gluing exterior parts
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==
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0=0—-1—

:01:01
:01:01 00J BIP
:10:10 P6 E7
:10:10 PP6 E70

:011:011
:011:011 0093A75861542928505A84

./Search "\"Number\"" nogn non
10:10 1INSELA6C OD59MESN

:10:10 INSELA6CP OOD59MESN

./search "\"Number\"" "26" n2n
0J BI

./search "\"Number\"" "11" "3"

:100:100 1246277 0872542
100:100 1246277A 00872542
:110:110 13694 05962
:110:110 13694A 005962
:110:110 13694AA 0005962
:110:110 13694AAA 00005962

./search "\"Number\"" n11n n3n

:100:100 A170352495681825A5026
:100:100 AA170352495681825A5026

093A75861542928505A84

and interior parts that fit together (i.e. same connector) yields:
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571A506181864A51431710
53905A492924605967939
53905A492924605967939A

1246277AA170352495681825A5026571A506181864A514317100872542

+

2,35,27,8,0,0,1 71341 504,68181605A1756205A5281866594253071A87726421

3698A4800883768431399986541A1092545899A41337673890A8498963

+

7286895A1757424762898860994812839A168887268523766105996816

+

6011§1§19190509011§1§1Zo§020§1§1§021Z1§1§1§1§011é1go§1§02011§041919091§1§1§191§021§1Z0402041Z0§1Z011615191§1§1§021Z:

1246277TAA331374A5155766129785345888226674524948412300872542

1246277AA331374A5155766129785345888226674524948412300872542

1246277AA331374A5155766129785345888226674524948412300872542

+

24527800321484942654766228885436879216675515A473133AA7726421

T 3%°98°A'48'0254%6'1'133764231840752096A356A3923196843108546248498963

+ 3698948A2645013486913293A653A69257048132A6733116452084A80963

1712121202120-051-0=120-0=050-1=1-120-020512021-1-0-021-1=1205121-0~0-120=05051-1-1-0=020=0=1-0=120=1~120=1-1~121-0=

7286895A509012685283646802A6928602A863649247622090505996816
+ 618699505090226742946368A2068296A2086463826586210905A59862827

0-1-1-1-1-0-0-0-0-1-0-0-0=1=1-0-0=1-0-1-0-1-1-0-0=1-1-1-0-1-1-0-0=1-1-1-0-1-0-1-0-0-1-1-0-0=0-1-0-1-1~1-1-1-1-1-0-1—

1246277TAAA170352495681825A5026571A506181864A5143171000872542
=1246277AAA170352495681825A5026571A506181864A5143171000872542

Figure 9: Lychrel numbers in base 26 (above) and base 11 (below).
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3. Classification (base 4)

3.1. Motivation

Observations As mentioned in the introduction, the brute force search
“fix base 4, and for every number up to 42%, perform some iterations,
search for patterns, and, if interesting enough, note the number down”
yields a lot of lychrel numbers, more precisely
(1) many numbers that can be proven in a similar way as 10 323 00,
(2) some numbers that can be proven in a different way.
Numbers of the form (2) are presented in section 3.5, in the following we
focus on number of the form (1), which are presented in section 3.4. All
these numbers (“all” in terms of found by the above mentioned search)
share the following properties:
— The exterior part is always 10 ... 00.
— Some patterns seem to reoccur in the interior part, cf. fig. 10.

Investigations In order to investigate these patterns, we have to view
the digit strings that make up the patterns locally, i.e. on their own,
independent of the number they are contained in. In section 2.2 we
presented a technique to handle digits indepently of (the length of) the
remaining number. Recapitulate:

e A left and a right digit that match upon reversing serve as “input”.

e In order to compute the resulting left and right digit, we only need
to know carry in/out instead of the whole number.

e We cannot do that for all 6 iterations, because after 3 iterations,
the number grows, so we have to take shifts into account.

10 323 00,
10 33 3330000 323 0100023 00 00,
10 323 010 323 00,
10 3323 0010 3323 00, ....

Figure 10: A few results from the base 4 search.
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Figure 11: Comp. for 10 3323 0010 3323 00,
some ways to group digits are
highlighted.

We now generalize this horizontally (digit strings instead of single digits) and vertically (several iterations instead of a single

operations), the result is called a block.

How many digits make up a block (horizontally)? How many iterations make up a block (vertically)?
Horizontal: We group the digits in such a way that they can be classified nicely.
Vertical: 3 iterations, because this is the maximal number of iterations that we can handle without shifting in between.

3.2. Full-blocks

Definition of a block See fig. 12.A half block consists of the following
data, each for left and right half:

e digit string (“number in”),
e carry in & carry out for 3 iterations,
e how to shift digits after 3 iterations (“modification”, “mod.”),
e resulting digit string, after 3 iterations + mod. (“number out”).
A full block consists of two half blocks (upper and lower) that fit, i.e.:
e “number out”’s of upper half = “number in”s of lower half, and
e “number in”s of upper half = “number out”s of lower half.
A central half block is a half block with

e for data € {num in/out, carry in/out, modification}, it holds that
(left data) = (right data).

Constructing lychrel numbers out of blocks Lychrel numbers can be
build out of blocks as follows:

e One of the two not blocks outside (cf. fig. 13).
e A central block inside.

e Finitely many full-blocks in between, whereupon carries and mod-
ifications must “fit together” (cf. fig. 12).

carry out mod. number in number out
\
10 3323 0010 00
1
1
0
-3y |- Loy — -
10 3323 00103 00
10 3323 00103 00
1 0 1 0
1 0 1 0
0 1 0 1
—|—  —|—  -3{|-3>  -0s|}0>
103 3323 0010 3323 000
- ~ 1 7 1
1
not-block a full block central block

Figure 12: A possible way to deconstruct
10 3323 0010 3323 00 into blocks.

10 00 10 00
1]]o0 1]o
1]]0 1|0
o]1 0|1

-3 | |— —| |-0»

10 00 103 000

10 00 103 000
1]]o0 1|0
1]]0 1|0
01 0|1

— |-0» -3 | |—
103 000 103 000

Figure 13: The two not-blocks.
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Given a Lychrel number (that is made out of blocks), there are often many possible ways to deconstruct it into blocks.
Example 10 3323 0010 3323 00 (where an “initial grouping of digits” is already given, indicated by spaces): During the first
six iterations (fig. 11), there are several ways to group the digits (indicated by digits with two background colors, e.g. white
and magenta or magenta and yellow). There is only one constraint, namely that for each half block the numbers of left and
right half have the same length. Additionally, we restrict ourselves to the case, that at most one digit can be shifted, and if
so only left-to-right. This leads to four possible ways to deconstruct 10 3323 0010 3323 00 into blocks (fig. 14).

10 3323 0010 3323 00 10 3323 0010 3323 00
11 0o 11 0o 11 0o 11 oo
1)1 0|0 1)1 0|0 1)1 0|0 1)1 0|0
0|0 1)1 0|0 1)1 0|0 1)1 0|0 1)1

-3 (-3  -0»[-09 —|— —|— -3 |-3»  —|— 3|3 —|—

10 3323 00103 3230 00 10 33230 010 33230 00

10 3323 00103 3230 00 10 33230 010 33230 00
1)1 0lo 1)1 0lo 1)1 o|o 1)1 0|o
11 00 11 00 11 00 11 00
0|0 1)1 0|0 1)1 0|0 1)1 0|0 1)1

—|— —|— -3[-3 -0|-0 —|— |00 —|— -0r|-0%

103 3323 0010 3323 000 103 3323 0010 3323 000

10 3323 010 3323 00 10 3323 0010 3323 00
1)1 olo 1)1 0lo 1)1 olo 1)1 o|o
11 00 11 00 11 00 11 00
0|0 1)1 0|0 1)1 0|0 1)1 0|0 1)1

—|— —|— -3[-3» -0|-0» —|— -0 |-00 —|— -0r|-0%

103 3230 010 3323 000 103 323 00103 323 000

103 3230 010 3323 000 103 323 00103 323 000
1)1 olo 1)1 oo 1)1 oo 1)1 oo
1)1 0|0 1)1 0|0 1)1 0|0 1)1 0|0
0|0 1]1 0|0 1]1 0|0 1]1 0|0 1]1

=3 [-3»  -0»[-06 —|— —|— =3 |-3»  —|—  -3[-3» —|—

103 3323 0010 3323 000 103 3323 0010 3323 000

Figure 14: The four possible deconstructions of 10 3323 0010 3323 00 into blocks corresponding to fig. 11.

This diversity of blocks (although an initial grouping of digits is already given!) is quite a mess. We need a better notation.
For this purpose, we focus on half blocks instead of full blocks, and introduce a simplified notation.

3.3. Half-blocks

Notational remark When working with half blocks, shorten (left number in) = dj,, (left number out) = dyy,, (left carry out) =
cn, (left carry in) = ¢, and analogously for the right part (a/b/1/r = above/below/left /right).

Carry signature Shorten the carry (1,1,0) by 1 and (0,0,1) by 0. For a half block, write the carry signature as follows:

carry sig.: 0-0[1-1 1-1]0-0 0-110-1 1-0/1-0
. dla dra dla d'r‘a dla dra dla dra
signa- 0 0 11 11 0 0 0 1 01 1 0 1 0
ture for: | 30106 6,01 S ] |So]1% 8] 591|609

diy dry diy b dyy, dry diy drp

Modification signature Similarly, introduce a modification signature for half blocks (a=attach, r=remove, s=shift, k=keep):

mod. sig.: ala klk kls
. dla dra dla dra dla dra
Slgna— Ccn Cir Crl Crr Ccn Cir Crl Crr Cn Cir Crl Crr
ture fOI'I _tll_zl _t7'l'6)l _d d _d _t7'l'6)i ~trrd
b rb b rb lb rb O for Ci — (0’ 07 1)
- where t; =
mod. sig.: rlr sls slk 3 for¢; =(1,1,0)
. dia dra dia drq dia drq for i € {1, 1r,rl, rr}
Slgna— Cn Cir Crl Crr Ccn Cir Crl Crr Cn Cir Crl Crr
ture for: — —lir> “trry -ty =t | |tr> <t -tu-> —ti>
dp dry dip dry dip dry

Input/output digit string Given “left/right number in” and a carry signature, “left/right number out” are uniquely deter-
mined by the modification signature. Thus, notate a half block as follows:

left number in right number in
T g
101000231 33300001 0100023 | 3330000 |
1 1 1 1 in new . [ p
; mod. sig. ——— — 1-110-0 carry sig.
_g_) _; i i notation: & ~ V8
3233310 | | 0003333 3233310 | 0003333

left number out T T right number out
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3.4. Classification scheme

This section presents all results of the brute force base 4 search that have the form (1) (cf. section 3.1). Instead of giving all
found numbers, only the half blocks are given. From these half blocks all found numbers can be constructed, as described
in sections 3.2 and 3.3. Altogether, 14 “minimal” half blocks were found, which can be extended by adding Os and 3s. They
fit into a nice classification scheme, which is shown in fig. 17. Figure 16 shows how to read this classification scheme. As
example, here’s how to extract 10 3323 0010 3323 00 from this classification scheme:

10 | 3323 | 0010 | 3323 | 00
1411 010 111 010
111 010 111 010
ofo 1ij1i 00 1|1 (3323 1| [o010 | o010 || 3323]
-3 |-3> -0 |-0» —|— —|— . . -

10 | 3323 | 00103 | 3230 | 00 sT ) ala lie

10 | 3323 | 00103 | 3230 | 00 \ x| rr \ Is
1)1 0fo 1)1 0fo . £ L
it oo 1|r ofo (3323 1| [00103 | 00103] || 3230]
0|0 111 0|0 111
—|— —|— 3|3 -0|-0»

103 | 3323 | 0010 | 3323 | 000

Figure 15: The number 10 3323 0010 3323 00; left: constructed out of full blocks, right: constructed out of half blocks.

And now for the classification:

(0-011-1),(1-110-0)

B Y e N e A —

blocks of
type 1

blocks are connected
by dotted line
<~
blocks merge into each other upon

blocks of
type 2

exchanging left and right part
(“Hipping”)

blocks are horizontally

opposite to each other
—
blocks merge into each other

blocks of
type 3

upon inverting the digits
(“inversion” )

color codes:
For each block, each “minimal”
digit string has its own color.

blocks of

type 4 Extensions of these “minimal”

digit strings have a gray blackground.

Figure 16: All blocks of type 1/2/3/4 with up to 3/5/8/13 digits — legend.

3.5. Sporadic solutions

This section presents all results of the brute force base 4 search that have the form (2) (cf. section 3.1). These are (where
k,z € Ny and n is increasing by 3 after 6 iterations):

10002003 0 0221 2 3221 3 33101333, 10002003 010113 3 3112 1 0112 0 002100 33101333.
k n k k n k
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(0-011-1)(1-110-0)

kls klk ala  kls klk ala klk klk ala klk kls ala klk ks
ooo|33300|330|3 310l [33100 333 | 000

slk i sls rlr s islk

k|k klk
<] 01033 | 00010 | . (0-110-1),(1-011-0) ik 32300 | 33323} >
;' 1} ] 17} )] ';
SrS ;GM — Q Q |\ WOE SJS
<:;1001o3 | 00010\ala 0103 | 0010 » \K_]szso | 3323\ a a]33230 | 33323[;:>
k e \

e SlE el <X = =l —— Sl

ala ala ala
<§;'oo103 | 00103 0010 | 0010]22: 010 | o010]|[323 | 323[:2}3 rlr]sszso | 33230'§;>

rlr Tlr: lrlF

n [Tw w [T v i
sls EDE ~ isls (o = EDE sits
<:;10001o | 00103\a|a'1001o | 0103 ]3323 | 3230] 2, al ®|83323 | 33230 >

= [} r = ~Z w [T~ ;
K[k ?)? ﬁ{ éi ;QE K|k

<] 00010 | 01033 ] 33323 | 32300 [>

00033330 | 83233310}... (0-011-1),(1-110-0) .- 33300003

« 0 '-.,......
o ala ala

01000230 | 333300000003333 T 3233310} {3330000 T 0100023[ .......... 32333108 | 00003333

] jO%ff i

00003333 | 323331030100023 1. 333oooo| {3233310 1 0003333 ------- 83330000 | 01000230]

- 0 rlr rlr
== e e

00100023 | 33300003 | “““¢3323331o

00100023

Aq|s
— _
kls

Aqs
——
kls

Aqs
_—
kls

00033330

j0003333331033 | 0000033333310‘

o=
' | —
;10100033300003 | oo1ooo3ssoooo\a a]000333333103 | 000033333310 |:

e ———

z
11 0000333333103 | 0000333333103\ . 2[010003330000 | 010003330000 |; a:a{}00033333310 | 00033333310 |
g e [fa = uffw e

| M || !

:10010003330000 | 0100033300003\ :]000033333310 | 000333333103 |

G

:'~_JOOOOO3333331O | 0003333331033‘

3330000002300 | 3333300000023 |

N E

1333000000230 | 333300000023\ala]3233300033330 | 3323330003333 :
. w 0 \ ® 0 b
w | = — ;Dz
33300000023 | 33300000023 [} a:a [323330003333 | 323330003333\ala]3333000000230 | 3333000000230 |
A ——— w ©n \ n )
: ;Uz — §U§
| 333300000023 | 333000000230\| ]3323330003333 | 3233300033330
——rlr 505
w0 n

’3333300000023 | 3330000002300[;':

Figure 17: All blocks of type 1/2/3/4 with up to 3/5/8/13 digits — data.



Search for and classification of Lychrel numbers

A. Haskell implementation of the search algorithm

convIntToCs 5 13 =

[1,0,1,1,0]
111

carrytoint [1,0,1,1,0] = 13

import Data.Maybe

import Data.Char -- for conversion Int -> Char

import System.Environment -- for command line arguments

{- auxiliary stuff -}

type B = Int -- base

type D = Int -- digit in {0,...,base-1}

type C = Int -- carry in {0,1}

type CS = [Int] -- list of carries

-- converts an Int to its binary representation; example:
convIntToCs Int -> Int -> CS

convIntToCs 1 n = [if even $ n ‘div‘ 2°i then 0 else 1 | i <- [0..1-
-- converts binary representation of an integer to an Int; example:
convCsTolInt CS -> Int

convCsToInt xs = fst $§ foldl (\ (n,i) x -> (n+x*27i,i+1)) (0,0) xs
-- inverts a list of carries; example: carryinv [1,0,1,1,0] = [0,1,0,0,1]
invCarry Cs -> CS

invCarry xs = map (1-) xs

-- inverts a digit wrt a base; example: digitinv 10 2 = 8

invDigit :: B
invDigit base x =

genCs
genCs 1

->D ->1D

Int -> [CS]

= map (convIntToCs 1)

adds two digits and a carry and outputs this sum as

base-1-x

generates list of all possible carry lists with a given length

[0..271-1]

(digit of sum,carry of sum),

wrt a base;

-- example: addDW 10 (6,7,1) = (4,1), because 6+7+1 = 4 + 1x10; addDW = "add digit-wise"
addDW B -> (p,D,C) -> (D,C)
addDW base (a,b,c) = ((a+b+c) ‘rem‘ base, (a+b+c) ‘div‘ base)
-- adds a digit pair
addDP B -> ((D,D),(C,C)) -> ((Db,D),(C,C))
addDP base ((dl,dr),(cl,cr)) = ((dl1’,dr’),(cl’,cr’))

where (dl1’,cl’) = addDW base (dl,dr,cl); (dr’,cr’) = addDW base (dl,dr,cr)
{- types -}
data Side = Exterior | Interior deriving (Eq,Show,Read
data BlkArg = BA {dlaHA :: D, drbHA :: D, clrHA :: CS, crrHA CS} deriving (Eq,Show)
data BlkVal = BV {dlaHV :: D, drbHV :: D, cllHV CS, crlHV CS} deriving (Eq,Show)
data HalfIn = HI {dlaHI : D, draHI D, cliHI criHI CS} deriving (Eq,Show)
data HalfOut = HO {d1bHO : D, drbHO :: D, cloHO croHO CS} deriving (Eq,Show)
data ExtHalfIn = EHI {dlaEI : D, draEI :: D, cllEI crrEI CS} deriving (Eq,Show)
data ExtHalfOut = EHO {dl1bEO D, drbE0 :: D, clrEO crlEQD CS} deriving (Eq,Show)
data IntHalfIn = IHI {dlaIl D, drall D, clrII crlll CS} deriving (Eq,Show)
data IntHalfOut = IHO {d1lbI0 :: D, drbIO :: D, cllIO :: CS, crrI0 :: CS} deriving (Eq,Show)
data ExtFullIn = EFI {adlaEI : D, bdlaEI :: D, acllEI :: CS, acrrEI CS, DbcllEI CS, bcrrEI
data IntFullIn = IFI {adrall D, adlbII D, aclrII CS, acrlII CS, bclrlII CS, bcrlII
data FullInfo = Info Side ((HalfIn,HalfOut),(HalfIn,HalfOut)) deriving (Eq,Show)
data ConnIn = ConnIn {adlCI D, mdlCI D, aclCI CS, acrCI : CS, bclCI CS, bcrCI
data ConnOut = ConnOut {adlcCO Bool, aclCO CS, bclcCO CS} deriving (Eq,Show)
data FullOut = FullOut (D,D) (Maybe ConnOut)
side (Either ExtFullIn IntFullIn) -> Side
side (Left _) = Exterior
side (Right _) = Interior
len (Either ExtHalfIn IntHalfIn) -> Int
len (Left (EHI cll crr)) = length cll
len (Right (IHI _ _ clr crl)) = length clr
{- basic calculations -}
calcDP B -> BlkArg -> BlkVal

(d,c)) ((dla,dra),(0,0)) (zip clr

(d,d,c)) (da,0) cr

adr) (zip acl acr)

calcDP base (BA dla dra clr crr) = BV dlb drb cll crl
where computation = tail $ scanl (\ (d,_) c -> addDP base
(dlb,drb) = fst last $ computation
(cll,crl) = unzip snd unzip $ computation
calcMiddle :: B -> (D,CS) -> (D,CS)
calcMiddle base (da,cr) = (db,cl)
where computation = tail $ scanl (\ (d,_) ¢ -> addDW base
db = fst last $§ computation
cl = snd unzip $ computation
calcConn :: B -> D -> CS -> CS -> (D,D)
calcConn base adl acl bcl = (fst a, fst b)
where a = foldl (\ d ¢ -> fst $ addDP base (d,c)) (adl,
bdl = fst a
b = foldl (\ d ¢ -> fst $§ addDP base (d,c)) (bdl, bdr) (zip acl acr)
adr = invDigit base adl; acr = invCarry acl;
bdr = invDigit base bdl; bcr = invCarry bcl;

{_

build and flatten tree

-}

CS} deriving (Eq,Show)
CS} deriving (Eq,Show)

CS} deriving (Eq,Show)

crr)
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data Tree = Node FullOut [Treel
type NumPart = [(D,D)]

calcHorizontal :: B -> Int -> Either ExtFullIn IntFullIn -> [Treel
calcHorizontal base 0 x = []
calcHorizontal base depth x = [ Node res (calcHorizontal base (depth-1) cont) | (cont,res) <- (calcVertical base x)
flatten :: NumPart -> Tree -> [(NumPart,ConnOut)]
flatten dps (Node (FullOut dp conn) trees) = if isJust conn then endshere : endslater else endslater
where endshere = (dps ++ [dpl, fromJust conn)
endslater = concatMap (flatten (dps ++ [dpl)) trees
genHeads :: B -> Int -> Int -> Side -> [Either ExtFullIn IntFulllIn]

genHeads base pa pb Exterior = [Left (EFI 1 1 acll acrr bcll bcrr)l]
where (acll,acrr) = ((replicate (pa-1) 0) ++ [1], replicate pa 0)
(bcll,bcrr) = ((replicate (pb-1) 0) ++ [1], replicate pb 0)
genHeads base pa pb Interior = [ f d ac bc | d<-[0..base-1], ac<-(genCs pa), bc<-(genCs pb) ]
where f :: D -> CS -> CS -> (Either ExtFullIn IntFullIn)
f adlb ac bcrl = Right (IFI adra adlb ac ac bclr bcrl)
where (adra,bclr) = calcMiddle base (adlb,bcrl)

resultTree :: B -> Int -> Int -> Int -> Side -> [Tree]
resultTree base pa pb depth side = trees
where heads = genHeads base pa pb side
trees = concatMap (calcHorizontal base depth) heads
resultList :: B -> Int -> Int -> Int -> Side -> [(NumPart,ConnOut)]

resultList base pa pb depth side = concatMap (flatten []) $ resultTree base pa pb depth side

{- shows -}

showD :: D -> String -- shows a digit: O is "O", 10 is "A", 36 is "a", out of range is "Q@"
showD d = [chr $§ if d<0 || 62<=d then 64 else if d<10 then d+48 else if d<36 then d+55 else d+61]
showCS :: CS -> String -- shows a list of carries; example: showCS [1,0,1,1,0] = 10110

showCS = foldl (\ s ¢ -> s ++ (show c)) ""

showConn :: ConnOut -> String
showConn (ConnOut adl acl bcl) = (if adl then "T" else "F") ++ ":" ++ (showCS acl) ++ ":" ++ (showCS acl)
showNumPart :: Side -> Int -> NumPart -> String
showNumPart Interior len dps = space ++ str ++ space
where str = foldl (\s (1,r) -> (showD 1) ++ s ++ (showD r)) " " dps
space = replicate (len-length dps) ’ °’
showNumPart Exterior len dps = 1lstr ++ space ++ rstr
where (1str,rstr) = foldl (\ (1ls,rs) (l,r) -> (1ls ++ (showD 1), (showD r) ++ rs)) ("","") dps
space = (replicate (2*(len-length dps)+1) °’> ’)
showResult :: Side -> Int -> (NumPart,ConnOut) -> String
showResult side len (dps,conn) = (showConn conn) ++ " " ++ (showNumPart side len dps)
showTree :: Tree -> String
showTree (Node node subtrees) = "(" ++ (showNode node) ++ " -> " ++ (showSubtrees subtrees) ++ ")"
where showNode (FullOut (dl,dr) conn) = (showD dl1) ++ (if isJust conn then "+" else "-") ++ (showD dr)
showSubtrees ts = (foldl (\ str t -> str ++ (showTree t)) "" ts)

{- main -}

main’ :: [String] -> String
main’ args
| result == "Number" = unlines . map (showResult side depth) $ resultlList base pa pb depth side
| result == "Tree" = unlines . map (showTree) $ resultTree base pa pb depth side
| otherwise = o
where result = read $ args!!0 :: String
base = read $ args!!1 :: Int
pa = read $ args!!2 :: Int
pb = read $ args!!3 :: Int
depth = read $§ args!!4 :: Int
side = read $ args!!5 :: Side
main = do

args <- getArgs
if length args
then do putStr --main’ args

== 6
$

else do putStr $ "command line arguments:" ++ "\n result, \\\"Number\\\" or \\\"Treel\\\""
$
$

putStr "\n Dbase" ++ "\n # iterations in upper part" ++ "\n # iterations in lower part"
putStr "\n depth = max length / 2" ++ "\n side, Exterior or Interior" ++ "\n"

putStrLn $ "example (where search is the filename of the program)"

putStrln $ " search \"\\\"Number\\\"\" \"26\" \"2\" \"2\" \"9\" \"Exterior\""

References

[1] http://pl96.org/definitions.html

[2] http://pl96.0org/identifying_lychrels.html
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